ps = compressive drag pressure, N/m?

g = superficial flow rate of liquid, m3/m? - s
gr = rate-thickness product, m2/s

r = superficial flow rate of solids, m3/m? - s
x = distance from medium, m

w = mass of dry solid per unit area, kg/m?
Greek Letters

P = filtration or flow resistance, m/kg

€ = porosity or volume fraction of voids, —
p = viscosity, N * s/m?2

ps = true solid density, kg/m?3
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Overcoming Deficiencies of the Two-Level Method for

Systems Optimization

GEORGE STEPHANOPOULOS and ARTHUR W. WESTERBERG

Avery and Foss (1971) have demonstrated that the
method of two-level optimization (Brosilow and Lasdon,
1965; Brosilow and Nunez, 1968) may not be generally
applicable to chemical process design problems due to
the mathematical character of commonly encountered
objective functions. The purpose of this communication
is to demonstrate that this shortcoming can in fact be
overcome by using a new algorithm proposed by the
authors (1973).

Consider the following sequential unconstrained prob-
lem. (Constraints and recycles do not change the follow-
ing results, and we want to keep the presentation here as
simple as possible.)

N
Min { F|F = 2 di(x, i), 241 = fixs, wy),
i=1

i=1,...,N, % = x,° (given) } (P1)
The Lagrangian for this problem is
N
L= 2 {i(xi, i) — NTxi + Nia T fi2, w) }
i=1

+ MT%% — Ay 1 Txw 41

The natural boundary condition on Ay+y is Ax+1 = 0
which yields

Li(xg, wy My A1) + MTx,0

M=

L=
i

AIChE Journal (Vol. 19, No. 6)
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Next we define problem (P2) as

N
Ry, oo hy) = Min B (2, t, M, Mi+1) L+ AT
i=1 LiUg
(P2)
and finally the general Lagrange problem (P3)
Max h()\l, ey )\N) (P3)
)u,...,)\N

The two-level method involves solving (P3) by first guess-
ing the multipliers Ay, ..., Ay, solving the subproblem
minimizations in (P2), and then adjusting the multipliers
until A(Ay, ..., Ay) is maximized. If the point (%y, ...,%n,
Ui, .. BN M, ..., Ay) is a saddle point of the Lagrang-
ian, then the point (%3, ..., %%y, - . .,/y) solves problem
(P1) and ()4, ..., Ay) solves problem (P3).

The two-level optimization procedure fails if no saddle
point exists for the Lagrangian. Avery and Foss demon-
strated that in a simple heat recovery network no such
saddle point can exist. Their article shows that for their
problem the stationary points for the sub-Lagrangians ; in
(P2) are never at a minimum with respect to the x; and
u;. Under these conditions the actual minimum found in
(P3) will typically be at extreme values, that is, on the
constraints, of the x; and u; variables. Usually this result
precludes any chance that the equality constraints will
be satisfied for (P1), and thus solving (P3) will fail to
solve (P1).
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Let us define a new problem, which we shall call prob-
lem (P4), as follows:

N
Min{ F*|F* =F + K{ 2 [xie1 — fi17[%i41 — fi]}

=1
+ K(x; — %) T(x; — 2,°); %541 — filxi, ) =0,
i= 1, ...,N;xl—x1°=0;K>0 }(P‘l)
The Lagrangian of this problem is

N
IL* =L +K 2 [%i+1 — fi]T[xi+1 - ft]
i=1

+ K(x; — 2,°) T (2 — %,°)

Now,
og T og
AL® = AL + K ( A ) ( A )
+ aq" q aqT q
where
qT = [xlT’ <oy xNT§ uiT, ey uNT]
and

gl =[{x1 — 207, (x2 — f1) 7, .. ., (Aw 41 — ) 7]

For permissible variations Ag (that is, satisfying the con-
straints) AL®* > O always, and for nonpermissible varia-
tions where one might have AL < 0, there is a
K > 0 such that AL* > 0, and at a stationary
point, L® is always at a minimum. Therefore since
a solution of (P4) is a solution to (Pl), we con-
clude that the two-level optimization method can be ap-
plied to the chemical process design problems by solving
this modified problem. The introduction of the quadratic
terms destroys the separability of the system since when
expanded they produce crossproduct terms x;i+ 1Tfi (xs, wi).
However, one can recover a computational separability
in trade for an iteration by expanding this term in a Taylor
Series up to the first order terms (Stephanopoulos and
Westerberg, 1973).

To provide a further insight in the two-level optimiza-
tion procedure and its shortcomings, consider the follow-
ing class of problems:

N
Min{ FIF = 2 dilxi, wi), xie1 — fil®, i) = 2141,
i=1
i=1,...,N,x—x® =2 } (P5)
Let

w(z) = Min {Flxi+1 — fi = zi+1,
Ziu4,i=1,.. N
i=1,...,N, % —x° =2}

It has been shown (Everett, 1963) that if %%, 1 =1,
.., N minimize the Lagrangian of a problem from the
class of problems (P5), for given multipliers, then there
exists a supporting hyperplane of the set

R = {(z0, 2) |20 =w(2)}
at the point (w(z), z), where
w(z) =F&y .., %0 ..., 0y) and
Ri+1—[i(% %) =z4,i=1,...,N and

?1 - x1° =2z

Figure 1 shows the failure of the two-level approach since
there is no supporting hyperplane for the set R at the
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point (w(0),0). The introduction of the quadratic terms
[see problem (P4)] causes w(z) to move upwards and,
under certain conditions (Stephanopoulos and Wester-
berg, 1973), the existence of a supporting hvperplane at
the point (w (0}, 0) is guaranteed for finite K.

Let us now consider the heat recovery network de-
scribed by Avery and Foss (1971). We shall use their
nomenclature throughout the rest of this work. The cold
stream D of their Figure 1 is to be heated from tempera-
ture Ty to Ty. Three hot streams having flow rates a, b, ¢
and temperatures t,, f, t. may be used for heating; here
they are considered to have sufficient heat capacity and
availability to accomplish the task. The distribution of
the total heat load among the three exchangers is to be
accomplished at the minimum cost of equipment which
is related to the total heat transfer area by

3 3
C= 2 C; = 2 yiAe
i=1 i=1

with y and « positive and typically « = 0.8. Let us decom-
pose the process into three stages, shown in their Figure 2,
and consider the following problem:

Min F¥ = ¢1(x2) + ca(y1, y2) + cs(z)

+ K% — y1)2 + K(ys — z,)?
subject to
x3—y;1=0 and ys—2=0
The coupled terms xoy;, and ysz, are expanded in a Taylor
Series about the point %, 7}, Yo, %1 and are approximated

only by the linear terms in the expansion. The Lagrangian
of the above problem becomes

L® =~ {ci(x) — (A + 2K¥1)xs + Kx? + Kbij1)
+ {cs(y1, yo) + (M — 2KB)ys — (A + 2KZ))y,
+ Ky:? + Kyo? + K& + Kgsz1)
+ {ca(21) + (A — 2K3)21 + Kag? + Kb}
=Lh+hL+1
The necessary conditions for the minimum of C are
Vo,L* =0 and V,L* =0

where
0 =[x, y1, 42,2117 and A= (A, )7

This results in the following equations:

o 0 &za_lz_:o _3_13_=(),

t

0%y ’ Yy Y2 02

xp =Yy, and Yo =32

that is, each subsystem is at a stationary point with respect
to the variables associated with it. The sufficient condition
that a stationary point is minimum is that the Hessian
matrix be positive definite at that point. Put Q = 1y, — ¥,
the heat load in unit 2, and take

L = ca(y;, Q) + (M — Ao — 2K — 2KZ1)y,
— (A + 2K2) Q + 2Ky:® + KQ? + 2KQy,

The Hessian matrix of Iy is

2 2,
Fo s Lok d® e
aQ? 8Qdy;
H2 = =
2 32
s Lok T2 44k e dp®
38y19Q oy® .
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Comparing this result to Avery and Foss, Equation (8),
we see that

di* =d; + 2K, dy* =d, + 4K,
Then
A® =4K2 + (4d; + 2d; — 4e)K
+ (didy —e?) = 4K2 + 13K + T3

— Iy =+ \/T? — 1673
8

Avery and Foss, Equation (14) show that
Ty =didy — €2 = — g2p2s? (r — 1)2=0

|\/T2? — 16T3| = Iy|

and the roots are real and of opposite sign. Let K; = 0
and K, = 0, then for K > Ky, A* > 0. Also for

K>—-—dy/2=Ks di* >0

e* =e + 2K

A* has roots

K =

thus

and for
K>—dy/2=K, ds*>0

Therefore, if K = max {K;, K3, K4} we find H, > 0 and
the stationary point for unit 2 is a minimum as required.
An algorithmic procedure, which implements numerically
the previous approach to nonconvex problems, is given in
Stephanopoulos and Westerberg (1973).

Thus we see that curvature of the sub-Lagrangian at the
stationary point can be determined not only by the sub-
unit cost function, ¢, in this case, but by the numerical
value of the penalty factor K. It has been proved that
under certain conditions which are commonly applicable
in chemical engineering process design problems, K takes
finite values to ensure convergence to the solution of the
original problem. Therefore, by properly choosing a K
we can secure that the stationary point for each subunit
is a minimum and thus the stationary point of the

L3
W)

w(z)

I
I
|
|
be——1 buatL cap ———m!
!
H

Perturbation Z

Fig. 1. Problem with o dual gap and its resolution. Line (1) is the

supporting hyperplane for the set R* (associated with w* for the

penalized problem) at the solution point. Point ‘o’ (<C w(o) = w*(0))

is the geometric location of maxh(1) for the unpenalized problem, and

line (2) is the corresponding best supporting hyperplane for that
problem.
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w(z)

z

Fig. 2. Improvement of the dual bound h*(T) for the penalized prob-
lem over the dual bound h(X) for the unpenalized problem for the
same multipliersT.

Lagrangian L* is a saddle point as required by the multi-
level optimization method.

The introduction of the quadratic terms in the objec-
tive function offers another advantage. It desensitizes the
dual function with respect to the multipliers . For given
multipliers X the h*(X) = MinL* is closer to the

Ti,ut,i=1,..,N

primal solution than the h()() = MinL (see Fig. 2).
N

This is a characteristic of great importance for a dual
bounding procedure such as the one used in structural
sensitivity analysis (McGalliard and Westerberg, 1872).

The nonconvexity of the process design problems in
chemical engineering is a very usual phenomenon, since
the cost function typically includes a term x0® where x
is the throughput in a unit. The proposed approach helps
to resolve this difficulty and makes the two-level optimiza-
tion method applicable to such problems.
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